Laplace numerical solution takes into consideration a surface of seepage that is ignored in the 23
Dupuit-Forchheimer analysis. The Dupuit-Forchheimer analysis is also in good agreement 24
Introduction 33 34
Water flow due to surface accretion to drains in two-layered porous bodies overlying an 35 undulating impermeable base is a problem occurring both in agricultural lands and 36 engineering structures. In ridge and furrow drained lands a permeable structured surface soil 37 overlies less permeable soil that lies above an impermeable base that rises and falls, with the 38 furrows acting as drainage ditches for rainfall infiltrating through the soils. Similarly, ballast 39 beds, that provide a foundation for railway tracks, often consist of a layer of very permeable 40 material overlying a layer of finer less permeable material laid on top of an impermeable sub-41 grade whose surface slopes away from a peak midway between drainage channels. 42
The Dupuit-Forchheimer approximation is conventionally used in investigations of the 43 two-dimensional groundwater problem presented by flow to transverse drains due to steady 44 accretion on the surface of lands overlying a moderately sloping impermeable bed, either 45 assuming horizontal flow (Werner, 1957; Schmid and Luthin, 1964; Yates et al., 1985) or 46 more realistically assuming flow parallel to the sloping bed (Wooding and Chapman, 1966 ; 47 Childs, 1971; Towner, 1975; Lesaffre, 1987; Chapman, 1980) . Towner (1975) showed that 48 the Hele-Shaw viscous flow analogue results of Guitjens and Luthin (1965) agreed with 49 Fig. 2b . For a range of values of q, q 1 < q < q 2 (Case 3), the water table is in the more 103 permeable soil region with conductivity K 1 over a section x 1 < x < x 2 of the region but is in the 104 lower soil region near the centre and near the drainage ditch (Fig.2c) . Again, the water table 105 might drop to the impermeable base at x = 0 when the water table configuration in the lower 106 layer in the central region becomes similar to that of Fig. 2a . For large values of q, q > q 2 107 (Case 4a), the water table can be in the lower layer in a region near the outfall but in the 108 upper layer over the rest of the region near the centre. This is shown in Fig. 2d . However, the 109 height of the seepage surface h f can be above the boundary between the two layers (Case 4b). 110
In this case the water table lies wholly in the upper soil layer as shown in Fig.2e . When the 111 outfall ditch level is above the boundary between the two layers (Case 5), for smaller values 112 of q and larger slopes, the water table could drop into the lower ballast layer as shown in Fig.  113 2f, but for large values of q and smaller slopes the water table is wholly in the upper layer. 114
Conditions giving rise to these situations can occur with ridge and furrow lands and also with 115 railway ballast foundations with a very permeable ballast overlying a less permeable sub-116 ballast. When significant rainfall occurs, the water table rises progressively through the 117 lower layer into the very permeable layer above as shown in Cases 1, 2 ,3 and possibly 4(a) 118 and/or 4(b); when the rainfall stops the water table falls progressively through the situations 119 described by these conditions. Case 5 occurs when there is drainage surcharge and the water 120 head builds up in the drainage channel. 121
The flow in each soil layer can be obtained by solving Laplace's equation 0 2 = ∇ h for 122 the hydraulic head h at (x,z) in the groundwater region. The boundary conditions of the 123 problem are shown in Fig.3a . These are that there is no flow through the base of the lower 124 layer and through the plane of symmetry at x = 0 and there is continuity of flow and 125 hydraulic head between layers with the vertical flux, assumed equal to the accretion rate q, 126 through the water table where h = z = H. Thus we assume that flow is vertical in the 127 unsaturated soil above the water table where it is refracted on entry. It was argued by Childs 128 (1945) that this was a reasonable assumption for uniform soils in considering water -table  129 heights in drained lands, but Kacimov (2003) has demonstrated that with soils overlying a V-130 shaped impermeable bed, the flow diverges from the vertical in the unsaturated region, 131 leading to non-uniform flux through the water The boundary conditions to be applied with the approximate Dupuit-Forchheimer analysis 141 to obtain the water-table profiles in the two-layered drainage situation shown in Fig.1 when  142 flow is assumed parallel to the impermeable base, are shown in Fig.3b . The water -table  143 height is a maximum at the centre of the soil region at x = 0. With a uniform accretion rate q, 144 assumed to be the vertical flux through the water table, the flow per unit width down the 145 slope is qx, discharging qD into the ditch. However, as discussed by Youngs and Rushton 146 (2009) the assumption of flow parallel to the slope requires the ditch face to be normal to the 147 sloping bed and the inclusion of fictitious flow regions upslope from the central plane and 148 another overhanging the ditch as shown in Fig.3b . When is small, as in the examples given 149 later in this paper, the overhang becomes unimportant, increasing the total inflow by less than 150 0.5 % for a 5% slope. 151 
where s is the coordinate measured down-slope with s = 0 corresponding to the water -table  160 height at x = 0 and s = s D (a function of the slope of the bed, accretion rate and hydraulic 161 conductivities of the layers) at x = D (see Fig.3b ), so that 162 
An analytical solution of eq,(3) is obtained using the substitution 176 w, the water-table height H at a given x is obtained from eq.(4) so that 198 
With u defined by 209
(7). The lower limit of integration 219
u i in eq.(13) is obtained from eq.(11) for the known value of H at x(u i ). With eq. (13) giving 220
x as a function of u, the water-table height H at a given x is then found from eq.(11) as 221
is drawn down to the ditch-water level. Thus at the ditch from eqs.(11) and (4) 226
At the positions x 1 and x 2 where the water table crosses over from one layer to the other, u = 232 Fig.2a  242 sketches this situation. The water table lies wholly in the lower layer with the accretion rate q 243 < q 1 ′ insufficient to raise the water table to meet the boundary between the two layers at any 244 distance from the outfall. The situation is thus that discussed by Youngs and Rushton (2009) . 245
Also the accretion rate in this case is insufficient to raise the water table above the 246 impermeable base at the centre. x(u) is calculated from eq.(13) with u i given by eq. (15) , , 247 and the water-table height H found from eq.(14). In this case the parameter u is finite at x = 0 248 and is found by trial and error. The limiting value of q/K 0 below which the water table meets 249 the impermeable bed at x = 0 is (tan ) 2 /4 (Youngs and Rushton, 2009 The reliability of the application of the Dupuit-Forchheimer analysis can be checked by 298 obtaining numerical solutions of Laplace's equation with the physical boundary conditions 299 given in Fig.3a . Both the water-table profile and the height of the seepage surface are 300 unknown and emerge as part of the solution in the numerical investigation. 301 approximation method (Rushton and Redshaw, 1979 (Figs.2a and 2b) , or entirely in the upper layer, Case 4b (Fig.2e) The area over which the upper layer contains the water table when the accretion rate 343 becomes large depends on the slope of the bed, the hydraulic conductivities of the two layers, 344 the elevation of the downstream water level and the accretion rate. Fig.10 plots the values of 345 x 1 and x 2 , the distances at which the water table crosses the boundary between layers (see Fig.  346 1), against the ratio of the accretion rate to the hydraulic conductivity of the lower layer when 347 (2000) reported an extensive study of the drainage of railway ballast using a tilting 358 tank containing a sub-ballast overlain by a ballast; water was sprayed from nozzles to 359 simulate rainfall. His main interest was in non-steady state conditions, especially the 360 recession of the water table after the rainfall ceased. However, the simulated rainfall 361 continued for a sufficient time for a steady-state to be reached. 362
In Fig.11 we compare one of his steady-state results with our Dupuit-Forchheimer 363 calculations; water-table heights deduced from five piezometers are shown in the figure by 364 the symbol +. Due to the experimental technique, in which the piezometers are connected to 365 the base of the tank, the accuracy of the estimates of water table elevation is unlikely to be 366 better than 0.005 m. A two-layered railway ballast bed was modelled with a lower less 367 permeable layer of porous material having a hydraulic conductivity equal to 65 md -1 (K 0 ) to a 368 depth t = 0.14 m overlain by a very permeable material of conductivity 3250 md -1 (K 1 ). In 369 the experiments water was sprayed on to the surface for three hours at a rate 2.7 md -1 . 370
Outflows occurred from both the upper and lower layers at a distance 1.88 m from the mid-371 Table 1 contains some results of calculations that give the Dupuit-Forchheimer plots in 380 -table profile when the water table is Fig.11 for zero ditch-541 water level and for a ditch-water level at the top of the sub-ballast. 542 
